
Rozwiazanie zadania IV z zestawu 1.
IV. Sprawdzi¢, »e symbole nieoznaczone faktycznie s¡ nieoznaczone, czyli poda¢ przy-
kªady funkcji f1, f2, f3 i g1, g2, g3 oraz x0 ∈ R (w otoczeniu x0 przykªadowe funkcje nie
powinny by¢ staªe), takich, »e:
a) lim

x→x0

f1(x) = lim
x→x0

f2(x) = lim
x→x0

f3(x) = ∞ i lim
x→x0

g1(x) = lim
x→x0

g2(x) = lim
x→x0

g3(x) = ∞
oraz lim

x→x0

f1(x)− g1(x) = +∞, lim
x→x0

f2(x)− g2(x) = 0 i lim
x→x0

f3(x)− g3(x) = a ∈ (0,∞).

St¡d mo»emy wnioskowa¢, »e [∞−∞] jest symbolem nieoznaczonym.
b) lim

x→x0

f1(x) = lim
x→x0

f2(x) = lim
x→x0

f3(x) = ∞ i lim
x→x0

g1(x) = lim
x→x0

g2(x) = lim
x→x0

g3(x) = 0

oraz lim
x→x0

f1(x) · g1(x) = +∞, lim
x→x0

f2(x) · g2(x) = 0 i lim
x→x0

f3(x) · g3(x) = a ∈ (0,∞).

St¡d mo»emy wnioskowa¢, »e [∞ · 0] jest symbolem nieoznaczonym.
c) lim

x→x0

f1(x) = lim
x→x0

f2(x) = lim
x→x0

f3(x) = 0 i lim
x→x0

g1(x) = lim
x→x0

g2(x) = lim
x→x0

g3(x) = 0 oraz

lim
x→x0

f1(x)
g1(x)

= +∞, lim
x→x0

f2(x)
g2(x)

= 0 i lim
x→x0

f3(x)
g3(x)

= a ∈ (0,∞).

St¡d mo»emy wnioskowa¢, »e [0
0
] jest symbolem nieoznaczonym.

d) lim
x→x0

f1(x) = lim
x→x0

f2(x) = lim
x→x0

f3(x) = 1 i lim
x→x0

g1(x) = lim
x→x0

g2(x) = lim
x→x0

g3(x) = ∞

oraz lim
x→x0

f1(x)
g1(x) = +∞, lim

x→x0

f2(x)
g2(x) = 0 i lim

x→x0

f3(x)
g3(x) = a ∈ (0,∞).

St¡d mo»emy wnioskowa¢, »e [1∞] jest symbolem nieoznaczonym.
e) lim

x→x0

f1(x) = lim
x→x0

f2(x) = lim
x→x0

f3(x) = 0 i lim
x→x0

g1(x) = lim
x→x0

g2(x) = lim
x→x0

g3(x) = 0

oraz lim
x→x0

f1(x)
g1(x) = 1, lim

x→x0

f2(x)
g2(x) = 0 i lim

x→x0

f3(x)
g3(x) = a ∈ (0, 1).

St¡d mo»emy wnioskowa¢, »e [00] jest symbolem nieoznaczonym.
f) lim

x→x0

f1(x) = lim
x→x0

f2(x) = lim
x→x0

f3(x) = ∞ i lim
x→x0

g1(x) = lim
x→x0

g2(x) = lim
x→x0

g3(x) = 0

oraz lim
x→x0

f1(x)
g1(x) = 1, lim

x→x0

f2(x)
g2(x) = ∞ i lim

x→x0

f3(x)
g3(x) = a ∈ (1,∞).

St¡d mo»emy wnioskowa¢, »e [∞0] jest symbolem nieoznaczonym.

W ka»dym z przykªadów rozwi¡za« jest wiele, ale staraªem si¦ wyznaczy¢ jak najprostsze,
jednocze±nie tak, by nie byªy funkcjami staªymi:
a) [∞−∞]
x0 =∞, f1(x) = f2(x) = f3(x) = x2, g1(x) = x, g2(x) =

√
x4 − 1, g3(x) =

√
x4 − x2

lim
x→∞

f1(x)− g1(x) = lim
x→∞

x2 − x = [∞−∞] = +∞,

ze wzgl¦du na twierdzenie o granicy wielomianu.

lim
x→∞

f2(x)− g2(x) = lim
x→∞

x2 −
√
x4 − 1 = [∞−∞] = lim

x→∞

x4 − x4 + 1

x2 +
√
x4 − 1

= [
1

∞
] = 0.

lim
x→∞

f3(x)−g3(x) = lim
x→∞

x2−
√
x4 − x2 = [∞−∞] = lim

x→∞

x4 − x4 + x2

x2 +
√
x4 − 1

= lim
x→∞

x2

x2(1 +
√

1− 1
x4 )

=
1

2
.

b) [∞ · 0]
x0 =∞, f1(x) = f2(x) = f3(x) = x2, g1(x) =

1
x
, g2(x) =

1
x3 , g3(x) =

1
x2+1

.

lim
x→∞

f1(x) · g1(x) = lim
x→∞

x2 · 1
x
= [∞ · 0] = lim

x→∞
x = +∞,

lim
x→∞

f2(x) · g2(x) = lim
x→∞

x2 · 1
x3

= [∞ · 0] = lim
x→∞

1

x
= 0,

lim
x→∞

f3(x) · g3(x) = lim
x→∞

x2 · 1

x2 + 1
= [∞ · 0] = lim

x→∞

x2

x2 + 1
= 1,

1



2

z twierdzenia o granicy ilorazu wielomianów w niesko«czono±ci.
c) [0

0
]

x0 = 0, f1(x) = f2(x) = x2, f3(x) = x2 + 2x, g1(x) = x4, g2(x) = x, g3(x) = x2 + x.

lim
x→0

f1(x)

g1(x)
= lim

x→0

x2

x4
= [

0

0
] = lim

x→0

1

x2
= +∞,

lim
x→0

f2(x)

g2(x)
= lim

x→0

x2

x
= [

0

0
] = lim

x→0
x = 0,

lim
x→0

f3(x)

g3(x)
= lim

x→0

x2 + 2x

x2 + x
= [

0

0
] = lim

x→0

x(x+ 2)

x(x+ 1)
= lim

x→0

x+ 2

x+ 1
2.

d) [1∞]
x0 =∞, f1(x) = f2(x) = f3(x) = 1− 1

x
, g1(x) = −x2, g2(x) = x2, g3(x) = −x.

lim
x→∞

f1(x)
g1(x) = lim

x→∞
(1− 1

x
)(−x

2) = [1∞] = lim
x→∞

[
(1− 1

x
)(−x)

]x
= [e+∞] = +∞,

lim
x→∞

f2(x)
g2(x) = lim

x→∞
(1− 1

x
)(x

2) = [1∞] = lim
x→∞

[
(1− 1

x
)(−x)

]−x
= [e−∞] = 0

lim
x→∞

f3(x)
g3(x) = lim

x→∞
(1− 1

x
)(−x) = [1∞] = e.

e) [00]
x0 =∞, f1(x) = f2(x) = f3(x) = 2−x

2
, g1(x) =

1
x3 , g2(x) =

1
x
, g3(x) =

1
x2+1

.

lim
x→∞

f1(x)
g1(x) = lim

x→∞

(
2−x

2
) 1

x3

= [00] = lim
x→∞

2−
1
x = [20] = 1,

lim
x→∞

f2(x)
g2(x) = lim

x→∞

(
2−x

2
) 1

x
= [00] = lim

x→∞
2−x = [2−∞] = 0,

lim
x→∞

f3(x)
g3(x) = lim

x→∞

(
2−x

2
) 1

x2+1
= [00] = lim

x→∞
2
− x2

x2+1 = [2−1] =
1

2
.

f) [∞0]

x0 =∞, f1(x) = f2(x) = f3(x) = 2x
2
, g1(x) =

1
x3 , g2(x) =

1
x
, g3(x) =

1
x2+1

.

lim
x→∞

f1(x)
g1(x) = lim

x→∞

(
2x

2
) 1

x3

= [∞0] = lim
x→∞

2
1
x = [20] = 1,

lim
x→∞

f2(x)
g2(x) = lim

x→∞

(
2x

2
) 1

x
= [∞0] = lim

x→∞
2x = [2∞] = +∞,

lim
x→∞

f3(x)
g3(x) = lim

x→∞

(
2x

2
) 1

x2+1
= [∞0] = lim

x→∞
2

x2

x2+1 = [21] = 2.


